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(1.1) 



Abstract. We prove existence of a solution for a polymer crystal growth 
model describing the movement of a front (r(t)) evolving with a nonlocal 
velocity. In this model the nonlocal velocity is linked to the solution of a heat 
equation with source Sr- The proof relies on new regularity results for the 
eikonal equation, in which the velocity is positive but merely measurable in 
time and with Holder bounds in space. From this result, we deduce a pnori 
regularity for the front. On the other hand, under this regularity assumption, 
we prove bounds and regularity estimates for the solution of the heat equation. 



1. Introduction 
The paper is devoted to the analysis of following system of equations: 

i) ut{x,t) = g{v{x,t))\Du{x,t)\ in x (0, +00) 
a) vt{x, t) - Av{x, t) + Kg{v{x, t))n^-^ [{u{-,t) = 0} = 

in X (0, +00) 
in) v{x,Q) = vq{x), 0) = tio(x) in . 

Following |10^ [TT| W2\ [T8] , the 3-dimensional version of this system modelizes the 
growth of the surface T{t) of a polymer crystal in a nonhomogeneous temperature 
field v{x,t). In this model one describes the evolving surface r(t) of the crystal 
as the 0- level-set of an auxiliary function u: 

{x E ; u{x,t) = 0} = T{t) . 

(This is the level-set approach, see [T9] and references therein). It has experimen- 
tal been observed that the normal velocity Vn of the crystal is a known, positive 
function of the temperature: Vn = g{v{x,t)), where ^ is a bell-shaped function 
depending on the specific polymer ([I^). Expressing the normal velocity Vn in 
terms of the function u gives the eikonal equation (|l.ip -i). which holds at least 
on the set {u{-,t) = 0}. As for the temperature field v it has to follow a heat 
equation with a (negative) heat source proportional to Vn'H^~^[T(t). Whence 

Similar systems, coupling eikonal and diffusion equations, appear in many 
applications: shape optimization, image segmentation, etc. (see for instance 
[25\ [25] and the references therein) . However the mathematical analysis of such 
couplings is delicate and few existence or uniqueness results are available in the 
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literature. Most of them are concerned with classical solutions on a short time 
interval. For instance short time existence and uniqueness of smooth solutions 
are obtained for system (jl.ip in [18j. 

The point is that, in general, one cannot expect such a system to have classical 
solutions when the time becomes large: indeed the front T{t) usually develops 
singularities in finite time. For this reason a good description of this front is 
obtained by its representation as the 0-level-set of the solution of an eikonal 
equation, which has to be understood in the sense of viscosity solutions. However 
this approach (which is satisfactory from a numerical view point) raises severe 
mathematical difficulties. Such issues have been overcome in only a very few 
number of situations: for a dislocation dynamics model, introduced in p!] and 
analyzed in [21 |H [5] , or for a system arising in the study of the asymptotics of a 
Fitzhugh-Nagumo model [6l \2U[ [27] . In this later framework, the associated heat 
equation is of the form 

vt{x, t) - Av{x, t) - g{v{x, t))l{u{.,t)>o} = , (1.2) 

where 1_e is the indicator function of a set E. In [51121^ [27] existence of generalized 
solutions for this Fitzhugh-Nagumo system is proved, while [7] contains some 
uniqueness results. However, system (jl.ip turns out to be much more challenging 
than the coupling in the Fitzhuch-Nagumo system. Indeed the surface term 
'H^~^[{u{-,t) = 0} in (jl.ip -ii) is more singular than the volume one !{«(., t)>o} in 
(|1.2p . For this reason, up to now, only the long time existence in space dimension 
iV = 2 is known [29l[28] . 

The aim of our paper is to obtain a similar existence result for the physical 
dimension = 3 (and in fact in any dimension). In order to state precisely our 
main result, let us introduce the definition of a solution to (jl.ip . 

Definition 1.1. A solution {u,v) of (jl.ip on the time interval [0,T] is a map 
(u, v) : X [0, T] — )• which is bounded, uniformly continuous, such that u 
satisfies the equation 

ut{x, t) = g{v{x, t))\Du{x, t)\ in x (0, T), u{x, 0) = uo{x) in 

in the viscosity sense, with 

rn^'H{u{;t) =0})<+OO, 

Jo 

and such that f (•, 0) = vq and v satisfies in the sense of distributions 

vt{x, t) - Av{x, t) + ng{v{x, t))n^-^ [{u{-,t) = 0} = in x (0, T) . 

We introduce the following set of assumptions, denoted by (A) in the rest of 
the paper. 

(Al) K is a fixed real number (k is positive in the case of a negative heat source 
and negative otherwise), 5 : M is Lipschitz continuous, bounded, 

and there exist yl, B > such that 

A < g{z) <B for all z G M . 
(A2) fo : — >• M is Lipschitz continuous and bounded. 
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(A3) no : — )• E is Lipschitz continuous and satisfies {uq = 0} = d{uo > 0}. 
Moreover, we assume that {uq > 0} is compact and has the interior ball 
property of radius tq > 0, that is, 

For all X G Kq, there exists y G Kq, with x G i?(y,ro) C Kq , (1-3) 

where B{y,rQ) is the closed ball of radius vq centered at y. 
Our main result states that, under the above assumptions, system p.ip has a 
solution. More precisely: 

Theorem 1.2. Under Assumption (A), for any T > 0, there exists at least one 
solution to System (jl.ip . This solution is bounded on X [0, T] and satisfies, 
for all x,y eM^, < s,t <T, 

\v{x,t) - v{y,t)\ < C\x - y\{l + \ log\x - y\\), 

and 

\v{x,t) - v{x,s)\ < C\t - s|5(l + I log \t - s\\). 

for some constant C which only depends on the data appearing in Assumption 
(A) andT. 

Note that uniqueness of the solution is an open problem (even in dimension 2). 

Let us now briefly describe the method of proof. The main difficulty in System 
(jl.ip is the singular surface term in the heat equation: to deal with this term, 
one has to obtain fine regularity estimates for the level-sets of u. Such estimates, 
which cannot be derived from the usual regularity results on the eikonal equation, 
have been investigated through several works. When the velocity x i— )• g{v{x, t)) is 
positive of class C^'^, the front enjoys the interior ball property ()1.3p [13j (see also 
[2l|5j); it has an interior cone property when the velocity is positive and Lipschitz 
continuous [7] . Unfortunately, for System (jl.ip , the interior cone property is not 
sufficient for guarantying the stability of the surface term 'H^~^[{u{-,t) = 0}. 
Moreover we were only able to prove that the map x i— )• v{x, t) has a modulus of 
continuity of the form uj{p) = p(l + | log(/9)|) (even when the front is smooth this 
map is at most Lipschitz continuous [II]). Our main and new estimate on the 
eikonal equation is an interior paraboloid property for the level-sets of u. We call 
paraboloid a solid deformation of the set 

{x = {x',xn) G X R ; XN> c\x'\^+'^} , c> 0, 7 G (0,1). 

This property is obtained under the (weak) assumption that the velocity x 1— >■ 
g{v{x,t)) is of class C*^'". For this, we use a representation formula for the solu- 
tions of ()l.ip -i) in terms of optimal control as well as sharp regularity properties 
of optimal solutions for this control problem. As a direct consequence of the inte- 
rior paraboloid property one obtains that the front has an interior cone property. 
These interior paraboloid and cone properties are the two key ingredients which 
allow us to obtain a priori estimates on the heat flow: indeed, because of the cone 
property, the front T{t) can be covered by a finite (and controlled) number of Lip- 
schitz graphs. The stability result on the surface term 'H^~^[{u{-,t) = 0} (see 
Lemma 14. ip is a consequence of the interior paraboloid property. Let us finally 
point out that, although the cone and paraboloid properties do not appear in 
[291 [28], we use several arguments from these papers: in particular the regularity 
of the optimal solutions of some control problem is borrowed from \29\ [28] and 
some of our estimates on the heat flow are related with those of |29l [28] . 
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The paper is organized as follows: Section 2 is dedicated to estimates on the 
eikonal equation, while the a priori estimates for the heat flow are the object of 
Section 3. We prove the main result in Section 4. 

Notations: For any integer A; > 1 we denote by Bk{x,r) (resp. Bk{x,r)) the 
open (resp. closed) ball of radius r > and of center x in R.^. For k = N (the 
ambiant space), we simply abbreviate to B{x,r). We also denote by S^~^ the 
unit sphere of . 

2. Representation formula and a priori estimates for the eikonal 

equation 

Throughout this section, we investigate the eikonal equation 

( ut = c{x,t)\Du\ inM^x(0,r), 

\ u{x,0) = uo{x) inM^. ^ ' ' 

We assume that the velocity c is Borel measurable on x [0, T] and satisfies 

A < c{x, t) <B for all {x, t) G x [0, T] (2.2) 

for some A,B>0. We also assume that there exist a G (0, 1), oj S 1/^(0, T) with 
p e (1, +oo] and C > such that for all (x, y, t) xR^ x [0, T], 

\c{x,t)-c{y,t)\<C\y-x\{l + \log\x-y\\) , (2.3) 

and 

\c{x,t)-c{y,t)\ < Lo{t)\y - x\" . (2.4) 

Finally, the initial datum uq is Lipschitz continuous on M^. Our aim is to prove 
existence and uniqueness for the solution of (|2.ip under assumptions (|2.2p and 
(j2.3p . and give some estimates depending only on assumption (j2.4p . Note that 
the first two parts are quite classical: they are given here for sake of complete- 
ness and also because we are working in a framework (assumption (j2.3p ) which 
slightly differs from the standard one. In constrast, the regularity results on the 
optimal solutions for the controlled system associated with equation (|2.ip and 
its consequence on the level-sets of the solution of (|2.ip are new. Their proofs 
borrow some ideas of \28\ I29j. as for instance Lemma 12.71 

2.1. Existence, uniqueness, stability and representation formula. Let us 

recall some known results for Equation (|2.ip . The notion of L^-viscosity solution 
provides a framework for equations such as ()2.ip where the dependance on the 
time variable is merely measurable. We refer to [5, Appendix] for the definition 
and properties of L^-viscosity solutions that we need here, and to [211 [231 [Ml '8, 9j 
for a complete overview of the theory. 

Let us introduce the following controlled system: for any b G L°°([0, T), M^), 

x'{s) = c{x{s),s)b{s) \b{s)\<l, fora.e. s>0. (2.5) 

We start by recalling that, for a given initial data and a given control, equation 
(|2.5p has a unique solution (this is Osgood's Theorem, see [15] for instance): 
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Lemma 2.1. Assume that the function c : x [0, T] — )■ M zs Borel measurable, 
hounded and satisfies For any fixed b G L°°([0, T), M^), with \b{s)\ < 1 

a.e., Equation 

x'{s) = c(x(s), s) b{s) for a.e. s £ [0, T], 
x(0) = Xq 

has a unique absolutely continuous solution on [0, T] . Moreover, if x and y are 
two solutions of ()2.5p . associated to the same control b £ L°°([0, T), M^), then 

<w(|x(0)-y(0)|) (2.6) 

for some modulus oj which only depends on the constant C in Assumption (|2.3|) . 

Proposition 2.2 (Existence, uniqueness and stability for (|2.1|) ). 

Assume that the velocity c : x [0, T] — t- M is Borel measurable and satisfies 
(|2.2p and ()2.3p . Let uq : — M 6e a Lipschitz continuous function. Then: 

(i) (Existence and uniqueness) Equation ()2.ip has a unique L} -viscosity so- 
lution satisfying 

no(x) < u{x, t) < uo{x) + B\\Duo\\oot , (2.7) 

for any {x,t) G x [0,r]. 

(ii) (Properties and representation formula) This solution is nondecreasing in 
time, uniformly continuous on X [0, T] and given by the formula 

u{x,t) = sup{uo(y); 3x solution of (j2.5p with x(0) = y and x(t) = x} . (2.8) 

In particular, 

K{t) : = {x gR'^; u{x,t) >0} (2.9) 
= {x £ M^; 3 X solution of ([23]) with x(0) G K{0) and x{t) = x} . 

(Hi) (Stability) If (c„) is a sequence of measurable functions satisfying ()2.2p 
and (|2.3p with the same constants A,B,C > and such that (c„) con- 
verges a.e. to some c : x [0,T] — t- R, then the sequence of solutions 
[un) of ()2.ip associated to the velocities (c^) converges locally uniformly 
to the solution u associated to c. 

Proof: The existence of a solution u which satisfies (|2.7p is a consequence 
of the general theory (see Propositions 2.1 and 2.2]). To prove that this 
solution is unique and given by ()2.8p . we proceed by approximation: let {pn)n>i 
be a mollifier on such that supp(/9„) C B{0, 1/n), /5„ > and ||pn||i = 1- Let 
(cn)n>i be the sequence of approximate velocities defined by 

Cn{x,t)=l c{x -y,t) pn{y)dy. 

Then c„ is Borel measurable on X [0, T], Lipschitz continuous in space (with 
a n-dependant constant), satisfies (|2.2p and (|2.3p . and (c„) converges to c as 
n — )• -\-oo. More precisely, using ()2.3p . we have for any (x,t) G x [0, T], 

|c„(x,t) - c(x,t)| < /_ |c(x - y,t) - c(x,t)| /9„(y)dy < C i(l + logn). 

JB{o,i/n) n 
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Let 

C C 

Cn{x,t) = Cn{x,t) (1 + logn) and c+(x, t) = c„(x, t) H (1 + logn), 

n n 

so that c~ < c < c+ and satisfies (|2.2p with A/2 and 2B for n large enough. By 
the comparison principle for ()2.ip with a velocity which is Lipschitz continuous in 
space (see [Ml Theorem 3.1]), we obtain that u~ < u < u^, where u~ (resp. u^) 
is the solution of (|2.ip associated to the velocity c~ (resp. c^). Moreover ()2.7p 
(with 2B) and ()2.8p hold for both u~ and n+. To conclude, it only remains to 
prove that, if a sequence of velocities (c„) satisfies (|2.2p and ()2.3p . and converges 
almost everywhere to c as n — )• +00, then the representation formulae for the 
corresponding solutions u„ converge to the representation formula for u. 

First of all, fix (x,t) G x [0,T] and let (y„) be a sequence of points in 
M.^ such that no(yn) — ?• 2: G K as n — )• +00 and for any n, there exists an 
absolutely continuous function x„ : [0, — such that x„(0) = y„, 2;„(t) = x 
and |x^(s)| < Cn(x„(s),s) on [0,t]. Since |c„| < -B for any n, up to an extraction, 
(xn) converges uniformly to some x : [0,t] — )• M^. As a consequence, x{t) = x, 
uo{x{0)) = z and, using the a.e. convergence of (c„) to c as well as ()2.2p and 
()2.3p . we obtain |x'(s)| < c(x(s),s) on [0,t]. This proves that 

limsupti„(x,t) < sup{uo(y); 3x solution of (|2.5p with x(0) = y and x(t) = x} . 

Conversely, let y G such that there exists a solution x of (|2.5p with x(0) = y 
and x{t) = X. Let b be the control associated by x and be the solution of 
x'nis) = Cn{xn{s) , s)b{s) with Xn{t) = X. Then we must have Un{x,t) > iio(x„(0)) 
for any n. By the same argument as above, (x„) must converge uniformly to a 
solution of x'{s) = c{x{s), s)b{s), and by uniqueness of such a solution (Lemma 
12. ip . the limit (x„) must be x. Therefore 

no(y) = limuo(x„(0)) < liminf n„(x,t), 

and 

sup{no(y); 3x solution of (|2.5p with x(0) = y and x{t) = x} < liminf u„(x,t). 

This concludes the proof of the representation formula (j2.8p for the unique so- 
lution of (j2.ip . This representation formula implies that u is nondecreasing in 
time. We also point out that the proof of uniqueness can be easily adapted to 
prove that, in fact, comparison holds for (j2.ip . 

To prove the stability property {in), let (c„) be a sequence of functions sat- 
isfying (|2.2p and ()2.3p with the same constants A, B and C, and such that (c„) 
converges a.e. to some c : x [0,T] — )• M, and let (n„) be the sequence of 
solutions of (j2.ip associated to the velocities (c„). Using the same arguments 
as above and the representation formula (j2.8p . we can actually prove that the 
half-relaxed limits 

liminf^,?i„ : (x,t) 1— )• liminf {u„(xn, t^); x„ — )• x, tn — ^ i} 

ra— >+oo 

and 

limsup*Un : {x,t) 1— limsup {ti„(x„, x„ — )• x, — ^ 

n—^+oo 

coincide and are equal to the solution u of (|2.ip associated to c. This is known 
to imply the locally uniform convergence of (un) to n, and proves the stability 
property. 
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Finally, let us prove the uniform continuity of the solution u of (j2.ip . starting 
with the regularity in space: fix {x,y,t) £ x x [0,T], and let x be a 
solution of ()2.5p with control 6, x{t) = x and u{x,t) = uq{x{Q)) (notice that 
the supremum is achieved in ()2.8p ). Let y be the solution of ()2.5p associated to 
the same control h and satisfying y{t) = y. Applying ()2.6p for System ()2.5p with 
reverse time, we have 

|x(0) -y(0)| < Cj{\x{t) - y{t)\) for ah t G [0,r]. 

Using that y is a solution of ()2.5p and no(y(0)) < u{y,t) thanks to (|2.8p . we 
obtain 

n(x,t) = no(x(0)) < uo{y{0)) + \\Duo\\oo\x{0)-y{0)\ 
< u{y,t) +oj{\x -y\), 

where u! = ||-Duo||oo'^ is still a modulus of continuity. Exchanging the roles of x 
and y, we obtain the uniform continuity of u in space. 

Now let us fix f G [0,T]. The map (x,s) ^ u{x,t + s) is a sub-solution of 
Ut = B \Du\ in x [0, T — t] with uniformly continuous initial datum m(-, i). By 
the Lax formula, for any < s < T — t, 

t) < u{x, t + s) < sup{u{y, t); \x — y\ < Bs} . 

Using the uniform continuity of u{-,t) in space, we deduce that for any < s < 
T-t, 

u{x, t) < u{x, t + s) < u{x, t) + uj(Bs) . 
This proves the uniform continuity of u in time. 

□ 

2.2. Properties of the minimal time function. Let us now introduce the 
function 

z : x ^ min{t G [0, T]; u{x, t) > 0} , 
which by definition is well-defined on K{T) = U^g^o.T] ^{t) (see ()2.9p for the 
definition of K{t)) and is such that K{t) = {x G M^; z{x) < t}. 
We say that a solution x of ()2.5p on [0, t] is extremal if 

x(0) G K{0) and z{x{t)) = t. 

Lemma 2.3. Assume that the velocity c : x [0, T] — >■ M is Borel measurable 
and satisfies (|2.2p and l\2.'6\] . 

(1) Let X be an extremal solution on [0,t]. Then: 

(i) For any s G [0,t], z{x{s)) = s. 

{ii) For almost every s G [0,t], |x'(s)| = c{x{s),s). 

(2) If{x G M^; 'uo(x) = 0} = d{x G M^; 'Uo(x) > 0}, then for any t G (0,T], 

{x G M^; n(x, t) = 0} = {x G M^; z{x) = t} . 

Proof: (1) (i) By definition of x and z, we have for any s G [0, t], z{x{s)) < s. 
To prove the converse inequality, we argue by contradiction: let sq G [0, t) be 
such that 9 := z(x(so)) < so- Let us first prove that for J > small enough, 

B{x{so),A{so - - 5)) C {y G M^; z{y) < so - 6} . 
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Let y be such that \y — x{sq)\ < A{sq — 6 — 5), and let xq be a solution of (j2.5p 
on [0,6*] such that xe(0) G K(fi) and xeiO) = x{sq). We extend xq to [0, sq — S\ 
by setting 

xe(s) = x(so) + ^ ~ ^i"""! (s - 0) for all s G [0, sq - <5] . 

Sq — a — 

The bound c> A shows that xq is a solution of (I2.5p on [0, sq — S] with ^^(O) G 
K{0) and 2;e(so — 5) = y, which means that z{y) = z{xg{so — S)) < sq — 5. 
Now, for any 5 > small enough, let us solve 

j x's{s) = c{xsis),s)b{s) on[so- 5,t- 5], 
[xsit-5) =xit). 

where b is the control associated to x. Applying (j2.6p for System ()2.5p with 
reverse time, we have 

\xs{so - 6) - x{so - 6)\ < u}{\xsit - 6) - x{t - 6)\) 

= u}{\x{t) - x{t - 6)\) 
< Ld{B6) 

because \x'\ < B. In particular, for 6 small enough, 

\xs{sq -5) - x{sq - 5)\ < ^A{so - ^ -^), 

while 

\x{so -5)- x{so)\ <B6< ^A{so -9-6). 

For such a choice of 5, 

xsiso -6)e B{x{so), A{so - 9 - 6)) C {y G M^; z{y) < sq - 6}. 

Therefore z{xs{so — 6)) < sq — 5. In particular, there exists a solution x of ()2.5p 
on [0,sq — 6] with x{0) G K{0) and x{sq — 6) = xs{so — 6). The reunion of the 
paths associated to x on [0, sq — 6] and xs on [sq — 6,t — 6] gives a solution x of 
(123]) on [0, i - 5] with x(0) G iC(0) and x{t - 6) = xsit - 5) = x{t). In particular, 
z{x{t)) < t — 6 < t, which is absurd. 

(1) (ii) Now, let us prove that |x'(s)| = c{x{s),s) for almost every s G [0,t]: 
for So G (0, t) and /i > be small enough, let y : [sq- h, sq + h] be the solution of 

\ y{so -h) = x{so - h) . 

{x is injective from (1) («)). Note that y remains in the segment [x{sq — h),x{so + 
h)] on [sq — h,SQ + h] because < c{y{s),s), which means that y is sub- 

optimal. Moreover y is monotonous on this segment. In particular we have 

t-so+h 

\x{so + h) - x{so - h)\> \y{so + h) - y{sQ - h)\ = / c(j/(s), s) ds. 

J SQ—h 

Using the bound c < B, we have 

|y(s) — x(s)| < 4Bh for all s G [sq — h, sq + h] . 
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Therefore, thanks to (j2.3p . we get 

(•so+h rso+h 



/so+n rso+n 
c{y{s),s)ds> / c{x{s),s)ds -8BCh^{l + \log{4Bh)\). 
-O—h J SQ — h 

If So is a Lebesgue point of s i— c(x(s), s) such that x is differentiable at sq, which 
is the case of almost every sq G [0, t], then we obtain 

|x(so + h) — x{so - h)\ 



|x'(so)| = hm 



h^o 2h 



^ J™ TTT / c(x(s), s) ds = c{x{so), sq) 



I so-h 

(2) Let G x (0,T] be such that z{x) = t; by definition of z, we know 
that u{x,t) > and for any h > enough, u{x,t — h) < 0. By continuity of u, 
we must have u{x, t) = 0. 

Conversely, let (x, t) G x (0, T] be such that u{x, t) = 0. We argue by 
contradiction and assume that 9 = z{x) < t. Since u is nondecreasing in t, one 
necessarily has u{x,6) = 0. Let x be a solution of ()2.5p such that u{x,6) = 
«o(x(0)) = and x{6) = x. By our assumption on uq, there exists y such that 
uo{y) > and 

Lo{\y - mi) < Mt - 0) 
(recall that u) is defined in ()2.6p ). Let y be the solution of ()2.5p on [0, 6] with the 
control b associated to x, and such that y(0) = y. Then, from ()2.6p . we have 

\m -x\ = \y{e) - x{d)\ < ^{\m - x(O)l) < A{t - e). 

We extend y to [0, t] by setting for any s G [0,t], 

m = m + - ^) • 

The bound c> A implies that y is a solution of ()2.5p with y(0) = y and = x. 
By ()2.8p . we have u{x,t) > uo{y{0)) = uo{y) > 0, which is absurd. Therefore 
z{x) = t, and this concludes the proof. 

□ 

Proposition 2.4. Under the assumptions of Proposition [27^ the map z satisfies 

1 , , 1 
— < Dz < — 
5 - ' ' - A 

in the viscosity sense and therefore almost everywhere in {x G M^; < z{x) < 
T}. 

Proof: The proof of the right-hand side inequality follows along the same lines 
as the beginning of the proof of ^ Theorem 5.9], and shows that z is Lipschitz 
continuous. For the left-hand side inequality, let (j) : {x ^ M.'^; < z{x) < T} — )• 
M be a function of class such that z — (p has a local minimum equal to at some 
X. Let X be an extremal on [0,t] with x(t) = x. For any s G [0,t], z{x{s)) = s by 
Lemma 12.31 Then for any h > small enough, 

z{x{t - h)) > (j){x{t - h)) , 

whence, by definition of 

0(x(t)) -h = z{x{t)) -h = t-h = z{x{t - h)) > ct){x{t - h)) . 
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In particular, 

h < (t){x{t)) - (t){x{t - h)) = f {D(j){x{s)),x{s))ds<B [ \D(l){x{s))\ ds 

Jt-h Jt-h 

thanks to the the bound c < B. Dividing this expression by h and letting /i — )• 0, 
we get \D(f){x)\ > 1/B. Since z is Lipschitz continuous, the viscosity inequality 
\Dz\ > 1/B also holds almost everywhere. 

□ 

Remark 2.5. A consequence of the inequality \Dz\ > 1/B and Lemma 12.31 (2) 
is that for any t E [0,T], the front {x G M^; u{x,t) = 0} has measure and 
coincides with dK{t). Indeed, {x G M^; u{x,t) = 0} = {x £ M^; z{x) = t}, 
and Stampacchia's theorem (see for instance [17j) states that Dz = almost 
everywhere on the set {x G M^; z{x) = t}. Moreover, the viscosity decrease 
principle (see [22]) shows that 

dK{t) = d{x £ M^; z{x) < t} = {x £ R^; z{x) = t} = {x £ M^; u{x,t) = 0} . 

In particular, a solution x of (j2.5p is extremal on [0,t] if x{t) £ dK{t); in this 
case, it satisfies x{s) £ dK{s) for any s £ [0,t] and |x'(s)| = c(x(s),s) for a.e. 
s £ [0,t]. 

2.3. Regularity of extremal solutions. From now on we assume that c satis- 
fies ([^ . ([23]) and Our first result is the following: 

Proposition 2.6. Under the above assumptions, if x is extremal on [0,t] for 
some i £ (0,T] and if P := a — l/p > 0, then the map t — t- x' (t)/\x' {t)\ is of class 
C^/2(0,t). Namely 

x'{s2) _ x'{si) 
\x'{s2)\ \x'{si)\ 

where C only depends on the constants A,B,a and p introduced in (j2.2p -([274 



< CMl^^ \S2 - for all si,S2 £ [0,t] , 



Proof: Throughout the proof C denotes a constant which depends on A,B,a 
and p only. 

Bv Lemma l2.3l (l)(iz). we have |x'(t)| = c{x{t),t) a.e. on [0,t|. We reparametrize 
the path x with speed 1 as follows. Let be a solution of 

9(0) = 0. ^ ' 
Let us set s = 6~^{t) and y{s) = x{9{s)) on [0, s]. Then 

\y{s)\ = \x{9{s))9'{s)\ = 1 for any s £ [0, s] . (2.11) 

Let us introduce 

-ciy,s)= (2.12) 

' c{y{s)),e{s)) ^ ' 

From our assumptions ()2.2p - ()2.4p . we have 

|c(y,s)-c(y',s)|<^^^^|y-yr for all (y, y', s) G x x [0, (2.13) 
and 

< c{y, s)<^ for all {y, s) G x [0, s]. (2.14) 



In order to proceed we need the following lemma: 
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Lemma 2.7. For any < si < S2 < s, 



S2 



y{s2)-y{si)\ < S2-SI = / \y'{s)\ds < |y(s2)-y(si)|+C(s2-si)" / uj(e{s))ds . 



si 



S2 



Proof: First of all, |y(s2) — y(si)| < S2 — si = j^^ \y'{s)\ds because \y'\ = 1. 
Let y : [si, S2] — solve 

I y'{s) = -ciyis),s)^g^, 
1 y{si) = y{si) ■ 



(2.15) 



Note that y remains in the segment [y{si),y{s2)] on [si, S2] because y is admissible 
for ()2.5p . and so is sub-optimal. Moreover y is monotonous on the segment. From 
the bounds ()2.14p on c, we have 

\y{s) - y{s)\ < — (S2 - si) for all s £ [si, S2] . 

Since c(y(s), s) = 1 and c satisfies ()2.13p . we have 

rs2 



S2 - Si 



Sl 



*2 _ f2B\ 
c{y{s),s)dt< I c{y{s),s)dt+ ^—j (s2 - si) 



S2 



A 



ds. 



On the other hand, y lives in the segment y(s2)] and is monotonous on 

this segment, so that, from (|2.15p . we get 

fS2 rs2 

c{y{s), s)ds = / \y{s)\ds = \y{s2) - y{si)\ < \y{s2) - y{si)\ . 



Putting together the last two estimates proves the Lemma. 

Next we claim the following result: 
Lemma 2.8. For any < si < S2 < s, we have 
si + S2\ y{si)+y{s2) 



□ 



y 



S2 



<C{{S2- / Ojie{s))ds + {S2 - / ^^0(^s))ds 



Sl 



S2 



Sl 



Proof: Let us set sq = {si + S2)/2, a = y{so) — y(si), b = y{s2) — yiso) and 
T = S2 — Sl. Then, from Lemma 12.71 we have 

|a| + |6| < f ' \y'{s)\ds+ f ^ \y'{s)\ds < f ^ \y'{s)\ds < \a + b\+e, 

J Sl J sq J Si 

where e := Ct'^ f^^ uj{9{s))ds. Taking the square in the above inequality and 
expanding this expression, we get 

2|a||6| < 2{a,b) +2\a + b\e + e'^ . 

Hence 



a b 

W\~W\ 

From ([2TT]) and ([2Ti]) . we have 

At 



< 



2\a + b\e + e^ 



12 



CARDALIAGUET, LEY AND MONTEILLET 



It follows that 



Let us estimate llal 



A t \A t^ 



/ T 
\yis)\ds = - 



a b 
a\~\b\ 

\b\\: from Lemma [2771 we have 

\y{s)\ds < \y{s2) - y{so)\ + e = \b\ + e . 



We obtain the inequality |6| < |a|+e in the same way, which proves that | |a| 
e. Then we write 



< 



\a — b\ = \a\ 



a b 

\a\ \a\ 



< a 



a b 

W\~W\ 



+ a 



Therefore, since \a\ < r/2, we have 

\a-b\< C7(Vi7 + e) , 
which is the desired result from the definition of e. 



□ 



We are now ready to complete the proof of Proposition 12.61 Since 1/B < 9' < 
1/A, we have 



uj{9{s))ds 



uj{s) 



-ds < B 



uj{s)ds 



where, from Holder's inequality. 



This shows that 



uj{s)ds < |6'(s2) < A-^+^/p\s2 - si\^-'^/P\\oj\^p. 

(2.16) 



uj{9{s))ds < C\\oj\\p \s2 - si|^-^/P . 
If f3 = a — 1/p > 0, then, combining Lemma 12.81 with (|2.16p . we get 

|l+/3/2 



y 



si + s2\ y{si) + y{s2) 



< C\\u;\\i/'\s2-s,\ 



-1/(3 



Theorem 2.1.10 of 



then states that each 



as soon as S2 — si < \\ujlp 
component of y is semi-convex and semi-concave with a modulus m of the form 
m{p) = CWujWp^"^ p^/"^. Moreover, from Theorem 3.3.7 of [14J, we know that y is 



(^i./3/2 constant C||cij||y^. Therefore 



1/3/2 



\y'{s2) - y'{si)\ < C||w||y^ \S2 - Sl\ 

which completes the proof since is Lipschitz continuous and 

x'{t) 



\x'it)\ 



y'io-Ht)). 



□ 



Remark 2.9. We have actually proved that y is C^'^^"^, /3 = a — 1/p, with 



1/2 

constant C||a;||p , where C depends only on A, B, a and p. 
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2.4. A priori regularity of the moving front. We consider a solution u to 
(pTTj) for a velocity c which satisfies (pr2|) . (f2T3|) and ([2^ . We set, as before, 

= {x G ; u{x, t) > 0} for all t G [0, T] . 

We introduce cone-like sets and interior cone properties as follows. 

Definition 2.10. Let x G and v G he a unit vector. 

• For any < p < 9, the cone of vertex x, axis v and parameters {p, 9) is 
defined by 

■■= U B(^x + tu,t^'^ 

te[o,e] 

= {x + tu + t^^ : t€[0,9],^eB{0,l)}. 
9 

• For C > 0, 5 £ (0, 1), we define the paraboloid 
'C^^^{x,u) = \J B [x + tu,t-Ct^+^^ 

t6[0,C-i/«] 

= {x + ti^ + {t- C7t^+'^)e : t G [0, ( G B{0, 1)}. 

We recall from [7] that a compact subset K of is said to have the interior 
cone property of parameters (p, 9) if, for any x G dK, there exists v G S^^^ such 

that the cone C ^'j, is contained in K. 

In the same way, we say that K satisfies the interior C ^''-^ -property if for any 
X G dK , there exists v G S^~^ such that C ^''~'{x, v) is contained in K . 

The set C is a classical cone (see Figured]). Since the map t — )• t — Ct^^^ is 
concave, a tedious but straightforward computation shows that the set C ^''~^{x, v) 
is convex. We shall see below (Lemma I2.13P that it has a C^'^ boundary in a 
neighbourhood of x for some 7 G (0, 1) and contains a paraboloid-like subset. 
This motivates the name paraboloid (see Figure [1] for an illustration) . Notice that 

CC^^'^{x,u) as soon as ^ < C'^/^ and p < 9 - C9^+\ 

Lemma 2.11. Let us still assume that /? = a — 1/p > 0. There exist positive 
constants Co,Ci depending only on A, B, a and p, such that, setting C{uj) = 

Co||w||p''^, for any extremal solution x on [0,t] with t > CiC(a;)~^/^, the set 
C ^^'^'^^^\x,i') is contained in K{t), where 

Proof: As in the proof of Proposition 12.61 we reparametrize x with speed 1 by 
introducing y{s) = x{9{s)) on [0, s] where y and s are defined by ()2.10p . Notice 
that y'{s) = x'{9{s))/\x'{9{s))\ for a.e. s G [0,s]. _ 

Next we define c by (|2.12|) and, for s G (0, s) and h G i?(0, 1), we consider the 
solution y : [s, s] — )• to 

{ y'{a) =c{y{a),a)h, ae[s,s], 

1 y{s) = y{s). 
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Figure 1. Classical cone and paraboloid. 

Arguing as in the proof of Lemma \2.7\ we obtain that y is sub-optimal and 
monotonous on the segment [y{s),y{s)]. In particular, this whole segment lies in 
K{i). 

From the bound (|2.14p on c, we have 

\y{a) -y{(j)\ < ^(^-■5) for all € [s,s]. 



Hence, by ^TWif . 

f c[y{a),a)da < r c{y{a), a)da + ^^{s - sT oj{e{a))da 



s — s 



where 



{9{a))da < BA-^+'^/P \\oj\\p {s - s)^-^ 



Iv 



Since y lives in the segment [y(s), C [y(s), ?/(s)-|-^(s— s)6] and is monotonous 
on this segment, we have 



c{y{a),G)da = \y{s) - y{s)\ . 



It follows that 



\y{s)-y{s)\ > {s-s){l-C\\uj\\p{s-sf ), where C 



2°'B 



1 



-T- and B = a 

i/'P ^ p 



Moreover, any point in the segment [y{s),y{s)] also belongs to K{t). We have 
therefore proved that 



y{s) + {s-s){l- C\\u\\.p{s - sf)b e Kit) . 
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This holds true for any b G -6(0, 1) and any s such that {s — s) < C~^^^\\cl!\\p . 
In particular, as soon as s > (7~^/^||a;||p , we have, setting t = s — s, 

U B (y{s - t),t{l - C\\oj\\pt^)) C K{t) , 

te[0,C'-i/^<||a;||p'/'^] 

where 13 = a — 1/p > 0. From the C^'/^/'^ regularity of y (see Remark I2.9p . using 
x'(i) 

that = — , = —y'(s), we have 

1^ (01 

\yis -t)-ix + ti^)\< ClMl^^ f s^l^s < C\\oj\\l/^ t^+^/^ 

Jo 

where C only depends on A, B,a and p. Let us set 
and 

Cioj) = Co||a;||^/2. 

Then, going back to the expression of x, we obtain that, if t > CiC{uj)~'^^^ , 
^/3/2,cH ^) ^ y ^ ^ _ c(L^)t'^/2)) c K{t). 

□ 

The above results have the following consequence: 
Corollary 2.12. Let us assume that Kq has the interior ball property of radius 

For all X £ Kq, there exists y S Kq, with x £ B{y,rQ) C Kq . (2-17) 

Then there is a positive constant Cq depending only on A,B,a and p such that for 
anyt G [0, T], K{t) has the interior C ^^"^'^^^^ -property , where C{uj) = Cq\\uj\\p^'^ . 
In particular, there is a constant 

p=i(2C(a.))-^/^ = i(2Co)-^/^||.||,^/^ 

such that for any t G [0, T], the set K{t) has the interior cone property of param- 
eters (p, 2p). 

Proof: Let us prove the first part of the corollary. Let Ki be such that 
Kq = Ki +ro-B(0, 1). Then K(t) is the reachable set at time rQ + t for the system 

x'{t) = c{x{t),t)b{t) |6(t)| < 1 , 

starting from Ki, where c{x,t) = 1 if t G [0,ro], and c{x,t) = c{x,t — tq) if 
t G (ro,T + ro] (notice that c satisfies ()2.2p ~ ()2.3p ~ ()2.4p ). For this system, Lemma 
12.111 shows the result as soon as t > C7iC7(w)-2//3. Therefore, if we assume that 
CiC{uj)~'^^^ < ro, which is always possible by increasing \\uj\\p, then the result 
holds for K{t), for any t G [0, T]. 

For the second part of the result, let 9 = 2p = {2C{uj))~'^/I^ , t G (0,r], x G 
dK{t) and v G S^'^ be such ihaX'C ^/'^'^^'^\x,v) C K{t). 

Since 6 = (2C(a;))-2//3, we have 6 < C{uj)-^/^ and p < 9 - C{uj)e^+'^/^ , so 

that CC^/^.^H.This proves that the cone C J^, with 6 = 2p, is contained 
in K{t).' 
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□ 

We now show that the convex set C ^''^\x,u) has a boundary of class C^''^ in 
a neighborhood of x for some 7 > 0. Let us fix a frame {ei,... ,eAr} of 
such that X = 0, v = cn- We denote by {x',xn) a generic element of M^, with 
x' E M^-i, XN e K. 

Lemma 2.13. Let C > and 6 > be fixed. There are constants 7 = 6/{2 + 6), 
c = 2(2C)i/(2+5)^ ^ (2C)-^ and tq = (\/3 - 1)^to such that the set 

{{x',xn) £ ; < ro, c|x'|"'"^'^ < xat < tq} 
is contained in C '^''^(0, v). 

Proof: Note that, by choice of tq, the map r r{T) = t(1 — Ct^) is nondecreas- 
ing on [0, tq]. For any r G (0, tq], the ball B{TeN ,r{T)) is contained in C '^''^(0, z/), 
which is convex. Let us set V't (2;') = t — (r^(r) — jx'p)-'^/^. Since the set C '^''^(0,1/) 
is convex, the set 

{{x',xn) e ; \x'\ < r(r), Vr(x') < xat < tq} (2.18) 

is contained in C ^''~^{0,i'). Indeed, if \x'\ < r{T), then {x' ,^lJr{x')) G BijeN ,r{T)) 
while (x',ro) G B{Toe]y,r{T)). Let < tq and let us choose 

r = (2C)-i/(2+5)|^/|2/(2+5)_ 

Then r G (0,to) and < r(r) (here we use the fact that \x'\ < tq). Moreover, 
since = 2Cr^+'', we get 



Mx') < r - (r2(l - Cr'5)2 - 2Ct^+^) ' 

< T 



1_ (l_4Cr'^)i/2- 

< 2Ct^+^ = (2C)l/{2+5)|2;'|l+^ . 

Using (|2.18|) . we get that any point of the form [x' ,xn) with 

\x'\ < ro and c|x'|^+'^ < xn < tq, where c = 2(2C)^/(2+5) ^ 
belongs to (^"^'^(O, i/). 

□ 

Let us now state a stability property for sets satisfying an interior C 
property: 

Lemma 2.14. Let (z„) be a sequence of Lipschitz continuous real-valued maps on 
which converges uniformly to some z. We assume that {zn < 0} = {z < 0}, 
that there exist constants A,B > such that the following inequality holds in the 
viscosity sense: for any n G N, 

^<\DZn{x)\<j m{0 <Zn<T}, 

and that there exist C,6 > such that for any x £ {0 < z < T} and any n 
sufficiently large, there is some v G S^~^ with C ^''^\x,i') C {zn < z„(x)}. Then 

Dzn(x) Dz(x) , 
and {\Dzn\) converges to \Dz\ in L°° — weak—* in {0 < z < T}. 
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Proof: By standard stability property of viscosity solutions we have that 
-^<|^^(x)|<^ in{0<z<r}, 

in the viscosity and a.e. sense. Note also that, in view of Remark 12.51 the 
indicator function of the set {0 < Zn < T} converges a.e. to the indicator function 
of {0 < z < T}. Let X be such that Zn and z are positive and differentiable at 
X for any n. Then > for any n and |L'2;(x)| > 0. From the regularity 

assumption on Zn there exists Un € such that C ^'^{x^Vn) C {zn < Zn{x)}. 

Since Dzn{x) exists and is nonzero and since the set C is of class 

at x (thanks to Lemma [2713]) , one must have = —Dzn{x)/\Dzn{x)\. Let v be 
the limit of a subsequence of the [vn)- Then C ^''^{x, v) <Z {z < z{x)}, so that by 
the same argument as above, v = —Dz{x)/\Dz{x)\. Accordingly any converging 
subsequence of Dzn{x) /\Dzn{x)\ converges to Dz{x) /\Dz{x)\, which shows the 
a.e. convergence of {Dzn/\Dzn\) to Dz/\Dz\. 

Since the (z„) are uniformly Lipschitz continuous and {zn) converges uni- 
formly to [Dzn) converges to Dz in L°°— weak— * in {0 < z < T}. Let 
a E L}-(R^ ,MJ^). Then we have on the one hand 

lim / (a, Dzn) = / (a, Dz) . 

y{0<z<T} J{0<z<T} 

On the other hand, if we denote by ^ any weak—* limit of a subsequence |), 
we have, from the a.e. convergence of {Dzn/\Dzn\) to Dz/\Dz\, 

liin ! (a,Dz„,)= liin / 7^7^)1 ^^nj = / f^)^ • 

fe^+oo J|o<^<r} '^^+°° J {Q<z<T} l^ZnJ J{0<z<T} l^^l 

This implies that 

Dz(x) 

Dzix) = , ^ [, i{x) a.e. in {0 < z < T} , 
\Dz[x)\ 

and shows that ^ = \Dz\. Hence (j-Dz^l) converges to \Dz\ weakly—* in {0 < z < 
T}. 

□ 

We complete the section by proving that a set with the interior cone property 
is the union of a finite number of Lipschitz graphs. 

Proposition 2.15. Let (i^(i))te[o,r] ^ nondecreasing family of compact subsets 
o/M^, each K{t) having the interior cone property of parameter (p, 2p) for some 
p > 0. Then for any x G and any r > p, there is an integer C{r,p) < 
C{N)r/p (where C{N) only depends on N) and, for each i G {l,--- ,C(r, /))}, 

• a Borel measurable map ^'j : i3Ar_i(0, r) x [0, T] — )• M, which is \/T5— Lipschitz 
continuous with respect to the space variable, 

• and a change of coordinates Oi : — )• (i.e., the composition of a 
rotation and a translation), with Oj(0) = x, 

such that, for all t G [0,T], 

dK{t)nB{x,r)c U {Oiix',^i{x',t)) , x' GBN-iiO,r)}. 

i=l,...,C{r,p) 
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If furthermore the family (K{t)) is contained in some ball B{0,M), then we can 
take r = +co and C{p) < C{N)M/p and we have, for all t G [0, T], 

dK{t)c U {Oi{x',^,{x',t)) , x' eBN-i{0,M)}. 

i=l,...,C{r,p) 

An important and straightforward consequence of the fact that dK{t) is piecewise 
Lipschitz continuous is that the sets K{t) are of (locally) finite perimeter. 

Proof: We closely follow several arguments of [7j. We first observe that if 
X G dK and C'^f C K{t), then for all u' G S^^^ verifying — < 1/4, we have 

C^^J ^ C K{t). By compactness of S^"-*^, we can cover S^~-^ with the traces on 
S^^^ of at most p balls of radius 1/4 centered at Vi, for some positive constant 
p = p{N) and 1 < j < p. Therefore, for any x G dK{t), there exists 1 < j < p 

such that C^^j,^! C K{t). 

Let us now fix x and 1 < j < p. Up to a translation and a rotation of the 
space, we can assume that x = 0, Uj = (0, ... ,0, 1). For any x G M^, we write 
X = {x',xj\[) with x' G M^^-*^ and xat G M. For any t G [0,T] and any integer k 
with |A;| < r//9+ 1, we set 

Uk = BN-i{0,r) X [kp,{k + l)p] , 

Aj,k{t) = {x = {x',xn) g dK{t)nm; C'j^^f' C K{t)} , 
and, for all y' G i?Ar_i(0,r), 

*j,fc(2/',*) = mill + l)/0 , inf ^^{y')\ , 

where 4'x{y') = V^|?/' — x'\ + xat is such that (graph ■(/'^) n f/fc = C^''^' CiUk 
(see Figure [2] for an illustration). We claim that 




Figure 2. 
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^j,fc(i)nf/fc C graph 

Indeed, let x G Aj^k{t)^Uk- If x ^ graph t), then ^j^k{x',t) < tpx{x') = xn- 
Therefore, there exists z £ ^j,fc(i) such that ipzix') < xm- It follows that x E 

int C ^ jj. C inti^(t) and x cannot belong to dK{t), which is a contradiction. 
This proves the claim. Then we remark that ^j^ki'^t) is a Lipschitz continuous 
map with constant y/TE as the infimum of a family of maps having this property. 

This means that dK{t) D B{x, r) is contained in at most p{2r/p + 2) Lipschitz 
graphs with constant \/l5, which concludes the proof since r > p; indeed this 
implies that p[2r/p + 2) < Apr/p =: C{r,p). 

□ 



3. Representation and a priori estimates for the heat equation 
The aim of this section is to provide estimates for the following heat equations 
vt-Av + g{x, 1)%^-^ [T{t) = in X (0, T) , 



v{x, 0) = vq{x) in 



(3.1) 



and 

' ft - Aw + Kg{v{x, t))n^-^ [T{t) = in X (0, T) , 
v{x,0) = vo{x) in , ^ 

for a given evolving front {T{t))t>o- 

Throughout the section we work under the following conditions on the data: 



(HI) g : M x [0,T] — M is continuous and bounded by a constant M > 0. 
(H2) K G M and ^ : M — ?■ M is bounded by M and Lipschitz continuous. 
(H3) vq is Lipschitz continuous and bounded. 
(H4) The evolving family (r(t))tg[o,T] can be represented as 

T{t) = {x G ; z{x) = t} for ah t G (0, T) . (3.3) 
where z : ^ M is Lipschitz continuous and satisfies 

^ < \Dz{x)\ < ^ in {0 < z < T} (3.4) 

in the viscosity sense for some A,B>0. Furthermore we assume that 
there is some p > such that the set 

K{t) = {xeR^ ; z{x) < t} 

has the interior cone property of parameter {p,2p) for all t G (0,T), and 
that there exists M > such that 

K{t) CB{0,M). 

Let us recall that, thanks to the interior cone condition, K{t) is a set of finite 
perimeter and, moreover, its boundary T{t) is contained in the union of a finite 
number of Lipschitz graphs (Proposition 12. 15|) . 

Throughout the section we denote by C a constant which only depends on 
A, B, N, T, M, K and may vary from line to line in the computations. 
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3.1. Representation and bounds for the solution of (j3.ip . 

Lemma 3.1. There exists a unique solution to (j3.1|) . This solution is given, for 
all {x,t) G X [0,T], by 

v{x,t)= G{x - y,t)vo{y)dy - / G{x - y,t - s)g{y,s) dn^'^{y)ds, 
Jrn Jo Jr{s) 

where G{x,t) = (47rt)~^/^e~l^l^/(^*'* is the kernel of the heat equation, and satis- 
fies the uniform bound 

\v{x,t)\ <G{l + \log{p)\) for all {x,t) x[0,T], (3.5) 

where p is the cone paramater which appears in (H4). 

Proof: Uniqueness of the solution is clear. The term G{x — y,t)vo{y) dy 
corresponds to the initial datum and satisfies the bound 



G{x -y,t)vo{y)dy 



< ll^ol 



In order to prove the representation formula and the bound for v, we can therefore 
assume that vq = 0. Let us set fir{x,t) = 'i-K{t) * G{-,e) (where the convolution 
is only made with respect to the space variable). Then is smooth in space 
and strictly converges in the BV sense to 'i-K{t) (see 01 Def. 3.14] and [T71 
Sect. 5.2]). In particular, since dK{t) is piecewise Lispchitz continuous, the 
measure \Dfs{-,t)\dx weakly-* converges to 'H^^^[T{t) ([3^ Prop. 3.62]). For all 
{x,t) G X [0,r], let 

Veix,t) = - / g{y,s)G{x - y,t - s)\Dfs{y,s)\dyds. 
Jo Jr'^ 

Since \Df^{-,t)\ is Lipschitz continuous, it is well-known that Vs is a solution of 

ive)t-Ave+giy,s)\Df,{x,t)\=0 inM^x(0,r). (3.6) 

The key step in the proof of (|3.5p is the following uniform bound on (ve): 

\ve{x,t)\ <C{l + \log{p)\) for ah (x, t) G X [0, T] , (3.7) 

which holds for any e > 0. Let us assume for a while that this is true. Then, by 
the weak-* convergence of \Dfi;\dx to 'H^~^[T, (vg) converges pointwise to v in 
(M^ X (0,r))\r, hence in Lj^^i^^ ^ [O'^D since it is uniformly bounded in L°° 
thanks to the bound ()3.7p . and F has zero measure in x (0,T). By ()3.6p v is 
a solution of (13.11). 



It remains to prove (|3.7p . To do this we note that, since K{t) is a set of finite 
perimeter, we have 

\Dfe{y,s)\ < [ G{y-x',e)dn''-\x') for all {y,s) G x (0,r), y i T{s) . 

Jm 

Therefore, since G{x — x\t — s -\- e) = J^m G{x — y,t — s)G{y — x', e)dy, we get 

\ve{x,t)\ <M [ [ [ G{x -y,t- s)G{y -x',e)d'H^-\x')dyds 
Jo Jm Jr{s) 

<G [ [ G{x-x\t + e-s)dn^-\x')ds. 

Jo Jv{s) 



VISCOSITY SOLUTIONS FOR A POLYMER CRYSTAL GROWTH MODEL 21 

Let us split this last integral in two parts, the first one denoted by Ii being the 
integral between and t — t and the other one, denoted by I2, between t — t and 
t for some r E (0, t]. Let us first estimate 

ft-T 

h = c ' 

From (|3.3|) and Lemma 13.21 below, we have 

ft-T 



'[ [ G{x-y,t + e- s)d'H^-^{y)ds. 

Jo Jt(s) 



h =C f [ G{x-y,t + e- s) dH^-^{y)ds 

Jo J{z=s} 

/ G{x - y,e + T)dy + I / \Gt{x - y,t + e - s)\ dyds 

J{0<z<t-T} Jo J{0<z<s\ 



G 
< — 
- A 



Note that 



/ G{x -y,e + t) dy < / G{x - y,e + t) dy = 1. 

JiO<z<t-T} JRJV 



'{0<Z<t-T} 

Moreover we have 



/ \Gt{x - y,t + e - s)\ dy 

JW<z<s\ 



'{0<z<s} 

< G ! ( i + 1^"^'^ ] (,-\y-^?/m+e-s)) , 

,y.N+l , 

< G I ( -, '—r^^ + . e-^V(^(*+-^)) dr 



(t + e_s){iV+2)/2 (t + e_s)(Af+4)/2 
COO 

< / (r^-i+r^+i)e-'-'dr < — < ^ 



t + e — s Jq t + e — s t — s 

Therefore we get 

h < C(l + log(t/r)). 

We now estimate 

I2 = G I I G{x-y,t + e- s)d'H^-\y)ds. 
Jt-T Jr{s) 

From the structure condition on K{s) and Proposition 12 . 1 5l there exists an integer 
C{p) < Gi/p (where Ci only depends on N, M) and, for each i £ {1, . . . ,G{p)}, 

• a Borel measurable map ^'j : i?Ar_i(0, M) x [0, T] — )• M, which is \/l5— Lipschitz 
continuous with respect to the space variable, 

• and a change of coordinates Oi : — )• M^, where Oi{0) = x, 
such that, for all s G [0,T], 

r(s) c U {Oiiy'^ ^))' y' ^ Bm-i{o, m)} . 

i=l,...,C{p) 
Therefore, using that 

n''-\{{y',^^{y',s)),y' G Bn-i{0,M)} = y^l + {D^iiy', s)\^ C^"^ [Bn-i{^, M), 
we have 

h<Gy^ / G{{y\^i[y\s)),t + e-s)^l + \Md^i/;sWdy'ds. 

Jt-T JBn-i(0,M) 
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We deduce that 
h < 

< 



C f 



P Jt-r A^-l {t + e- s)^/2 



t /"+00 



< — 



c 

J Jt-r Jo {t + e-s)^/^ 
C 



drds < 



^.rym+e-s)) ^^^^ 



P Jt-r Jo (t-s)l/2 

Putting together the estimates for Ii and I2 gives 

<c(l+log(^) +^ 

which holds for any r G (0, t]. Choosing T = p^iit>p^ and t = t otherwise (in 
which case the decomposition reduces to 12), we finally obtain ()3.7p . 

□ 

The following Lemma, which was used in the proof, is a simple consequence of 
the Coarea formula. 



Lemma 3.2. Let T > 0, z 



pN 



be Lipschitz continuous and such that 



— < \Dz\ < 4 a.e. in {0 < z <T} . 

Let < si < S2 < T and assume that (j) : x (si,S2) — >■ M is nonnegative and 
such that (f) and (pt CLf^ integrable on {si < z < S2}. Then 
rs2 r 

iN-l, 



s\ J {z=s} 



dW'-\x)ds 



1 

< — 
- A 



r rs2 r 

I (j){x,S2) dx + / \(j)t{x,s)\ dxds 

J {s\<z<S2} J Si J {s\<z<s} 



'{S1<2<S2} 

Proof : Let us first assume that (p is smooth and bounded. From the Coarea 
formula [171 Sect. 3.4.4] we have 



Jsi J{z=s} \Dz{x)\ J{,^ 



l{z=s} \Dz{x) 
while, by Fubini's Theorem, we get 



{S1<2<S2} 



4>{x, z{x)) dx 



S2 



SI J {s\<z<s} 



(j)t{x, s) dxds 



S2 



X, s) dsdx 



{si<z<S2} J z{x) 

4){x, S2) dx 

{S1<Z<S2} 



{SI<Z<S2} 



(j){x, z{x)) dx 



So 



S2 



[X,S 



dn^-\x)ds 



1 J{z=s} \Dz{x) 
< 



'{Sl<2<s} 



6j(x, s)| dxds . 



S2) dx + I I 

Since \Dz\ < 1/A, this gives the result for (p smooth and bounded. The general 
case follows by regularization. 

□ 
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We shall need two types of space regularity estimates for the solution v to (|3.ip . 
The first one is a continuity estimate with a modulus u){s) = s{l + | log(,s)|): it 
is required in order to solve unambiguously the eikonal equation with a velocity 
g{v{x,t)), but is very crude with respect to the p dependance; we prove it in 
Subsection 13.21 The second one is merely a Holder estimate, but it is much 
sharper with respect to the p dependance. It is the aim of Subsection 13.31 

3.2. Modulus of continuity in space for the solution of ()3.ip . 

Lemma 3.3. Let v be the solution of (|3.1|) given by Lemma \cl.l[ Then, for any 
x,yeR^,tG[0,T], 

C 

\v{x,t) -v{y,t)\ < — |a; -y| (1 + |log \x - y\\) . (3.8) 
P 

Proof : We prove the result for > 3, the case N = 2 being similar but 
simpler. 

The term x i— )• J^m G{x — y,t)vo{y) dy is Lipschitz continuous with constant 
||-Dfo||oo; we can therefore assume that vq = Q and t > 0. 

Using again the structure condition on K{s) and Proposition 12.151 for any 
a; e M^, there is an integer C{p) < Ci/p (where Ci only depends on N, M) and, 
for each i G {1, . . . , C(p)}, 

• a Borel measurable map ^'j : -BAr_i(0, M) x [0, T] — t- R, which is \/l5— Lipschitz 
continuous with respect to the space variable, 

• and a change of coordinates Oi = RiOTx '■ — M^, where Tx{z) = z + x, 
Ri is a rotation, such that 0,(0) = x and 

r(s)c U {0,(z',^i(z',s)) , z' G 5iv-i(0,M)} for all s G [0,T] . 
i=l,...,C(p) 

Setting 

Ei{s) = {z = {z' ,^i{z' ,s)) , z' G Sjv-i(0,M)} = graph(^',(-,s)|B^_^(o,Af)), 
for any h G M^, we have 
\v{x + h,t) — v{x, t)\ 

< m[ [ \G{x + h-y,t-s)-G{x-y,t-s)\d'H^'^{y)ds 

Jo Jr{s) 

< CV / / \G{x + h-y,t- s)-G{x-y,t- s)\dn^-^{y)ds 

c(P) i-t I- 

< / / \G{x + h-Oi{z),t- s)-G{x-Oi{z),t- s)\d'H^-^{z)ds. 

Jo Je,{s) 

Let us set hi = {h[, Hin) '■= Ri^h, where h[ G R-^"-^ and husj G R. We note that, 
for any z G R^, R~^{x + h — Oiz) = hi — z, so that 

G{x + h- Oi{z),t- s) = G{hi - z,t- s) 
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— s) has rotational invariance. It follows that 



\v{x + h,t) — v{x, t)\ 



^ '^Y. I I \Gihi - z,t - s) - G{-z,t - s)\ d'H^-\z)ds 

■^^ Jo JEiis) 

^ / / \G{{h!,-z',hiN-'i!i{z',s)),t-s) 

Jo JBm-i(0,M) 



-G{{-z',-^i{z',s)),t-s)\ ^l + \D-^i{z',s)\''dz'ds 



since n^-^[E,{s) = + \D-^i{y', s)|2£^-i [Bn-i{^, M). 
We recall that \D^ii{z' , s)\ < VTs and introduce 



Di{s)= U BN-i{ah!„\h\{t-s)^/^) 

ae[0,l] 



in order to split the latter integral into two parts. We get 



\v{x + h,t) — v{x, t)\ 



^ / / \Gm-^',hiN-M^',s)),t-s) 

j^;^ Jo JDiis) 

-G{{-z',-'^i{z',s)),t-s)\ dz'ds 
+\h\ Iff \DG{{ah\-z',ahiN-^i{z',s)),t-s)\dz'dsda 

Jo Jo JRJV-i\Difs) 



C{p) 

Cj2ili + \h\ Ji) 

i=l 



Let us fix i G {1, . . . , C(p)} and estimate Jj. Without loss of generality we can 
assume that hi belongs to the plane spanned by ei and e^v- Then, 



A(s) cRx B^_2(0,|^|(t-s)'/^) , 
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and setting z' = (zi, z") with z\ € M, z" G M^^^, we have 

ml |fei-zi|V|fe"-z"|^ + |feijv-^P,(z',s)|2 
-— e- ^('-) dz"dz^ds 
- - JiV-2(0,|/l|{t-s)l/4) - Sj^V^ 

77 vv72 ^ "^"""^ ^^^^1^^ 

- ^/o /„ U l^" "^0 

< C7 / / _Z___e-'-'/4dsdr 



^V(i-(|/i.|/r)4) - 

\Jo y|/i|/ii/4 y 

Let Mat = supjQ _,_(^-) T-^-Sg"^^/^ (recall that > 3 by assumption). Then 

< CM^ \ \h\t^l^^ ^dr 1 



= C7|/i|. (3.9) 
We now estimate Jj. We have 

\DG{{a}ii - z\ahiN - ^i{z',s)),t - s)\ 

< ^ k/t- - z'\ + \ahiN - ^r(2^',g)| |^fc;._^/|2/(4(t_g)) |^fe,^_,i>,.(^/,g)|2/(4(f_^)^ 
(t-s)(^+2)/2 

with 

|a/iijv - ^iiz', s)|e-l-'^«'v-*.(.',s)P/(4(t-.)) < c(t _ s)i/2 . 
Since \ Di{s) CR^\ Bn.i{0, \h\{t - s)!/^), we get 

m+oo / AT-l N-2 \ 

J|/l|t-l/4 Jo * - S 

'■+00 / ^^4 



r+oo 

<C / (r^-i+r^-2)(|log(r)| + |log(r)| + |log(|/i|))e-'^'/4dr 



< C(l + I log 

(3.10) 

Finally, combining (|3.9p . ()3.10p and the bound C{p) < Ci/p, we obtain (|3.8p . 

□ 
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3.3. Holder estimate for the solution of (jS.ip . 

Lemma 3.4 (Holder bounds). Let v be the solution of (|3.ip given by Lemma 
[3A[ Then, for any t e [0,T], x,y e 



\v{x, t) - v{y, t)| < C(l + I log{p)\){p) 4 |x - y| 2 



(3.11) 



Proof: The main part of the proof consists in showing the following local 
Holder inequality: for any t £ [0,T], x,h £ with \h\ < \fpl^^ we have 

\v(x + h,t)- v{x,t)\ < Cipy^ \h\^ . 



We will complete the proof of (|3.1ip by using Lemma 13.11 

The term x i— >• J^^ G{x — y,t)vQ{y) dy is Lipschitz continuous with constant 
||-Cfo||oo) and therefore locally 1/2-Holder continuous; we can assume that f o = 
and t > 0. Then 

\v{x + h,t) — v{x, t)\ 

rl rt—T r 

< M \h\ / \DG{x + ah - y,t - s)\dn^'^{y) dsda 

Jo Jo Jr{s) 



+ 



t 

t-T Jr{s)\B{x,f) 
t 



{G{x - y,t - s) + G{x + h - y,t - s)) dn^-^{y) dsda 



+ I I {G{x-y,t-s) + G{x + h-y,t-s))dn^-^{y)dsda 

't-T Jr{s)nB{x,f) 

= \\g\\o^[\h\Ji + J2 + J3] 

where f , r > are chosen such that 

f = ^/p and T = \h\y/p . 

Since \h\ < -v/p/4, we have r < p/4 and f/\/T > 2. If r > t, the decomposition 
reduces to J2 + J3 with t = t. 



In order to estimate Ji , we argue as for Ii in the proof of the estimate (|3.7p : 
we have 



/ / / \DG{x + ah-y,t- s)\dn^-\y)dsda 
Jo Jo Jr(s) 



< C 



\y — X — ah\ 



»1 f-t-T 

L Ms) (t-5)(^+2)/2 

where, using Lemma 13.21 we have for any a G (0, 1): 

r*-^ r \y-x-ah\ 
Jo Ms) (t-s)(^+2)/2 



\y—^h\yi4it-s))^^N^l^y^^^^^^ 



-\y—-h\Vmt-s))^y^N-i^y^^^ 



1 

< — 
- A 



K{t-r) 



\y — X — ah\ 
r(^+2)/2 ' 



-\y-x-ah\yiAT) 



dy 



+ C 



\y — X — ah\ \y — X — ah\ 



+ 



JKis)\{t-sY^+^y^ (t_s){^+6)/2 



^\y-x-cTh\y{4it-s)) 



dyds 
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Since, for any a £ (0, 1), we have 
and 



/ \y — X — ah\ \y — X — cr/ip \ 

\^(t_s)(iV+4)/2 + _ 5)(iV+6)/2 J 



ft-T /■+00 AT , A+2 



ja:(s) 
we get 

Ji<Cr-i/2. 

For J2 we use the same strategy of proof: from Lemma 13.21 we have, for any 
eG (0,r), 



1 

< — 

- A 



[ [ {G{x -y,t- s) + G{x + h-y,t- s))d'H^-\y)dsda 

Jt-T Jr{s)\B{x,f) 

/ ^mN\B(x,r){y){G{x -y,e) + G{x + h- y, e)) dy 

J {t-T<z<t-e} 

+ / / ^RN\B{x,f)iy)\Gtix - y,t - s) + Gtix + h- y,t - s)\ dyds 

Jt-T J H-T<Z<S\ 



It-T J {t-T<Z<s} 

It is easily seen that 



lim / lj^N\B(x,r)iy)iG{x - y,€) + G{x + h - y,e)) dy = 0, 

J H-T<z<t-e\ ^ ^ ' ' 



' {t-T<z<t-e} 

because f is larger than 4|/i|. On the other hand 

/ / 'i-RN\B{x,f){y)\Gt{x-y,t- s) + Gt{x + h-y,t- s)\ dyds 

Jt-T J {t-T<Z<s} 

< G / ^ e-'^'Urds 

Jt-T Jf/(2(t-s)i/2) t - S 

< G / — e-"^ /Usdr 

Jf/{2^) Jt-T t - S 

< G (r^-i + r^+i) log ( ^) e-^-'l^ dr 

Jf/{2VT) \ J 

r+00 

r Ji 

because is larger than 2. So J2 < G^frjf. 

In order to estimate J3 we use the structure of K{s): from Proposition 12.15] 
there exists an integer G{f,p) < Gif/p (where Gi only depends on A^) and, for 
each z e {1, . . . , C(f, p)}, 

• a Borel measurable map : i?iv-i(0, f) x [0,T] — t- M, which is Lipschitz 
continuous with constant \/T5 with respect to the space variable. 



28 CARDALIAGUET, LEY AND MONTEILLET 

• and a change of coordinates Oi = Ri o n : — )• (where Ri is a 
rotation and is a translation), with Oj(0) = x, 

such that, for all s G [0,T], 

r(s)ns(x,f)c U {o,(z',^,(z',t)), /GBjv-i(o,f)}. 

i=l,...,C{f,p) 

Let us set, for any i G {1, . . . , C(f, p)}, /ij = {h'^, hiN) ■= R^^h where h[ G M^~-^ 
and /liAT G M. Then 

■^^ Jt-T JBN-i(0,f) 

+ G{{h', - z\ hiN - s)),t - s)]^/l + \D^i{z',s)\^dz'ds 

C{f,p) 

1=1 

Let us fix z G {1, ... , C(f, p)}. Since < = f/4, we have 

J3,» < C / dz'ds 



t-T JB 



< C I I ^ , ' ,,,, dz'ds . 



It follows that 



-■+00 I-t N-2 

< C / ——-^e-^ 'Usdr 



i(t-T)V(t-(2f)2/r'2) ~ '5)^''^ 

f2f I y/r r+oo ' 

/ r^'-h-^'/Usdr + lf r^'-^-^'/Usdr 

Jo J2f/JT , 



since r/y^ > 2. Accordingly 

P 

Therefore 

|/.|Ji + J2 + J3<cfM + ^^ + Vr 



/r r 

With the choice of f = and r = we get 

\v{x + h,t) -v{x,t)\ < C(p)~3 \h\h for all G x [0,r] with \h\ < ^/4. 

(3.12) 

Now recall that, according to Lemma |3. 11 we have 

\v{x,t)\ <C{l + \log{p)\) for all (x,t) G X (0,r). (3.13) 
Combining (fXT2]) and (f3l^ then implies (fXTT]) . 

□ 
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3.4. Existence, bounds and Holder estimate for the solution of (|3.2p . 
Lemma 3.5. Equation (|3.2p has a unique solution v : x [0,T] — )■ M, given by 

v{x,t)= G{x-y,t)vQ{y)dy- K / G{x-y,t- s)g{v{y,s))dn^~^{y)ds. 



^r{^) 

For all x,y G M^, t, s G [0, T], v satisfies the following estimates. 

(i) Uniform L°° bound: 

\v{x,t)\<C{l + \log{p)\), 

(ii) Space modulus of continuity: 

C 

\v{x,t) -v{y,t)\ < — |x-y|(l + |log|x-y||), 
P 

{Hi) Space-time Holder continuity: 

\vix, t) - v{y, t)\<C{l + \ log(p)l) 1^ _ y|i/2^ 

\v(x,t) -v(x,s)\ < — (l + |log|/i||)|t-s|^/^. 

p 

Proof: The existence, uniqueness, representation and space estimates for tlie 
solution of ()3.2p follow from Banach fixed point theorem and Lemmata [3?THS31 

Let us now check the time estimate; wefixO<s<t<T and set h = t — s. 
We note that, from the uniqueness of the solution we have, for any x G M^, 



(3.14) 

(3.15) 

(3.16) 
(3.17) 



v{x, t + h) 



G{x - y,h)v{y,t)dy 

I 

r-h 



G{x -y,h-s) g{v{y, t + s))dn''-\y)ds . 

lo Jr{t+s) 

Since v satisfies p.lSp . we get from standard estimates on the heat flow that 



G{x - y, h)v{y, t)dy - v{x, t] 



< ?(l + |log|/i||)/i 
P 



From the structure condition on K{s) and Proposition [2715] (see the computations 
in the proof of Lemma |3. II for details), we have 



G{x -y,h-s) -g{v{y, t + s)) dn''-\y)ds 



JV{t+s) 



< 



< 



< 



P Jo 

G 



{h - s)^/2 



g-|j;'-.'|V(4(/.-.))rfy/^, 



h />+oo 



pJo Jo {h-sy/^ 

GVh 



-'^'^drds 



Putting together the above estimates gives ()3.17p . 



□ 
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4. Stability and existence of solutions for the system (jl.ip 

We start with an a priori stability property for the solution and then prove 
our main result. 

4.1. A stability property. We first investigate the convergence of the solution 
of 

{Un)t = Cnix,t)\DUn\ in X (0, T) 

{vn)t - Avn + Kg{vn)n^-^ [{un{;t) = 0} = in X (0, T) 
Vn{x, 0) = vq{x), Unix, 0) = uo{x) in 
to the solution of 

ut = c{x,t)\Du\ inM^x(0,T) 
vt-Av + ng{v)n^-^ [{u{-,t) = 0} = in x (0, T) 
f(x,0) =vq{x), n(x,0) = uq{x) in 

as (c„) converges to c. 

Lemma 4.1. Let us assume that 

• For any n G N, the velocity c„ : ^ [0,r] satisfies (f2:2]l - (ITS]) - ([Ti]) 
with fixed a > 1/p and modulus lo . 

• The sequence (c„) converges a.e. to some c : x [0,T] — t- M. 
Then (vn) converges locally uniformly to v in R^ x [0,T]. 

Proof: Without loss of generality we can assume that vq = 0. Let us set as 
usual 

Kn{t) = {un{-,t) > 0}, Tnit) = {un{-,t) = 0}, z„(x) = inf{t > ; X G Kn{t)}, 
and 

K{t) = {u{-,t) > 0}, r(t) = {u{-,t) = 0}, z{x) = mf{t > ; X G K{t)}. 

From Proposition 12.21 we know that converges locally uniformly to u. 

We claim that this implies that (zn) converges uniformly to 2; in {0 < z < t}. 
Indeed, Un{x, Zn{x)) = for all n and, passing to the limit, we get u{x, liminf Zn{x)) = 
0. Thus liminf 2;n(x) > z{x). Now, let x G {0 < z < t}. From Proposition 12.41 
for every e, there exists x^ such that |x — x^l < e and u{x^,z{x)) > 0. For n 
sufficiently large, we also have Un{xe, z{x)) > and therefore Zn{xe) < z{x). 
It follows that limsupz„(xe) < z{x). Applying again Proposition 12.41 we get 
— \x — x^\/A + limsupz„(x) < z{x). We conclude by sending e to 0. 

Corollarv 12.121 states that there is some p > such that each Kn{t) has the 

interior cone property of parameter (p, 2p) and that, for any x G dKn{t), there is 

a vector u G such that |z^| = 1 and the set C ^^'^''~"{x, u) is contained in Kn{t), 
1/2 

where C = Co||a;||p and /3 = a — 1/p. Then Lemma 12.141 implies that \Dzn\ 
weakly-* converges to \Dz\ in {0 < z < T}. 

By the representation formula for the solution of (|3.2|) (Lemma l3.5|) and Lemma 

E3](2), 

Vn{x,t) = / / G{x - y,t - s)g{vn{y,s))dn^~^{y)ds . 

Jo J {z„=s} 

From the estimates of Lemma 13.51 we know that the f„ are uniformly bounded 
and uniformly Holder continuous. So, up to some subsequence, we can assume 
that (vn) uniformly converges to some v. Our aim is to show that v = v. 
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Fix X E and let 9 G (0, t) be small. Then, following for instance the 
estimates obtained for the proof of (|3.17p . one easily checks that 



Vn{x,t) + K 



G{x -y,t- s)g{vn{y, s)) dn^-\y)ds 



J{zn=s} 



< \K\\\g\\^ f I G{x-y,t-s)dn^-\y)ds 

Jt-e J{zn=s} 

< c{p) e^i^ . 



By the Coarea formula, we have 



t-6 



G{x-y,t- s)g{vn{y,s))dn^ '^{y)ds 



J{Zn=s} 



'{o<z„<t-e} 
In this expression, 

G{x - •, t - Zn{-)) g{Vn{-, Zn{-))) 



G{x -y,t- Zniy)) givniy, Zn{y)))\Dzn{y)\dy. 



Gix-.,t-zi.))givi.,zi-))) 



uniformly in {0 < z < t — 6} while converges weakly-* to \Dz\. Moreover, 

by Remark l2.5l the front T(s) has zero measure for any s. Therefore, the indicator 
function oi {0 < Zn < t — 6} converges to the indicator function of {0 < z < t — 9} 
almost everywhere. It follows that 



lim 



G{x -y,t-s) g{vn{y, s)) dn''~'{y)ds 

J{z„=s} 

G{x -y,t- z{y)) g{v{y, z{y)))\Dz{y)\ dy 



{o<z<t-e} 

t- 



G{x -y,t-s) g{v{y, s)) dn^-' {y)ds . 



J{z=s} 



Since, as above, 



v{x, t) + K 



G{x -y,t- s)g{v{y, s))dn''-\y)ds 



10 J{z=s} 

we have proved that v satisfies 

v{x, t) = —K 

i.e., V is a solution to 



<C(P) 



,1/2 



G{x -y,t- s)g{v{y, s))dn'''\y)ds 



J{z=s} 



vt-Av + Kg{v)n^-^ [{u(-, t) = 0} = in X (0, T), 

i;(a;,0) = inM^. 

The solution of this equation being unique, we have v = v, which proves the 
convergence of (f„) to v. 

□ 
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4.2. Proof of the existence Theorem 11.21 We are now ready to prove Theo- 
rem ll.2[ Throughout the proof, C denotes a constant which depends only the data 
of the problem: A^, T, k, g, uq and vq. Let us fix some constants C, R,Ci > to be 
chosen later and let V = V{C, R, Ci) be the set of maps v : X [0, T] ^ R such 
that V is measurable, 1/2-Holder continuous in space with constant C, bounded 
by a constant R> ||fo||oo and such that 

\v{x,t) -v{y,t)\ < + |log|x-y||) for all x, y G M^, tG [0,r]. 

Notice that V is a closed convex subset of the Banach space L°°(M^ x [0, T]). 

To any v ^ V we associate a map v defined in the following way: let u be the 
solution to 

f ut{x,t) = g{v{x,t))\Du{x,t)\ 
\ u{x,0) = uo{x), 

and let us set 

K{t) = {u{-,t) > 0}, r(t) = dK{t) and z{x) = inf{t > ; x G K{t)}. 

Since the velocity c{x,t) := g{v{x,t)) satisfies (j2.2p . (|2.3p and is 1/2-Holder 
continuous in space with constant ||g'||ooC', and since the initial condition enjoys 
the interior ball property, we know from Corollarv 12.121 with ^ = a — 1/p = 1/2 
that each K{t) has the interior cone property of parameter (p,2p), where p = 
CqC~'^. Moreover, by (j2.9p there exists M > depending only on the data such 
that for any t G [0;r], K{t) C 5(0, M), while holds thanks to Proposition 

By Lemma 13.51 we can therefore define the unique solution v to 

f vt{x, t) - Ai}(x, t) + g{v{x, t))n^~^ [{u{; t) = 0} = 
\ v{x,0) = vo{x). 

From Lemma 13.51 we also have, for all x, y G M.^ , 0<t<t + h<T, 
\vix,t)\ <C{l + \ log(p)l) < C(l + I log(C)l), 

\vix, t) - v{y, t)\<C{l + \ \og{-p)\){-pr^/^ \x - <C{l + \ \og{C)\)C^'^ \x - y 

\v{x,t)-v{y,t)\ <^\x-y\{l + \\og{\x-y\)\)<CC^\x-y\{l + \\og{\x-y\)\) 
P 

and 

\v{x,t + h) -v{x,t)\ < ^(l + |log|/i||)/i^/2 <C'C'2(l + |log|/i||)/i^/2_ 

So, if we choose C such that 

C{l + \log{C)\)C^/^ < C 

and then R and Ci such that 

R > C7(l + |log(C)|) and Ci > C , 

we obtain that ?) G V. Let us now fix C,R and Ci as above. Then the map 
which associates to v £ V the map v, is compact because of the L°° and Holder 
bounds on v recalled above. Since, from Lemma [4. 11 <I> is also continuous, we can 
complete the proof thanks to Schauder's fixed point theorem. 
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